In this paper we utilize affine biquadratic elements and a two-step temporal discretization to develop a finite volume element method for parabolic problems on quadrilateral meshes. The method is proved to have an optimal order convergence rate in L 2 (0, T ; H 1 (Ω)) under the 'asymptotically parallelogram' mesh assumption. Numerical experiments that corroborate the theoretical analysis are also presented.
Introduction
In this paper we develop a second-order finite-volume method for the following model parabolic initial boundary-value problem:
where Ω is a bounded polygonal domain in R 2 with boundary ∂Ω and x = (x, y). It is assumed that f (x, t) ∈ L 2 (Ω) for t ∈ [0, T ] and a(x) is Lipschitz continuous and bounded almost everywhere with positive lower and upper bounds a * and a * . For the purpose of error analysis, we further assume that the initial data u 0 ∈ H 3 (Ω) and the solution of (1. of a quadratic spatial approximation and a two-step temporal discretization. As an implicit method, it is unconditionally stable (Theorem 4.1), allows relatively large time steps (Δt = O(h)) and can generate numerical solutions that have a second-order accuracy in the energy norm (Theorem 4.2). The rest of this paper is organized as follows. In Section 2 we introduce some notation and establish a finite volume element scheme for the parabolic initial boundary-value problem (1.1). In Section 3 we prove some auxiliary results about quadrilateral meshes and the bilinear forms. A second-order error estimate in the energy norm is proved in Section 4 under certain regularity conditions. Section 5 presents numerical experiments to illustrate the theoretical analysis. The paper is concluded with some remarks in Section 6.
Throughout this paper we use C (with or without subscripts) to denote a generic positive constant that is independent of discretization parameters.
A fully discrete finite-volume scheme on quadrilateral meshes

Notation
We shall use the standard notation for the Sobolev spaces W m, p (Ω) with the norm • m, p,Ω and the seminorm | • | m, p,Ω . We also denote W m,2 (Ω) by H m (Ω) and omit the index p = 2 and the domain Ω when there is no ambiguity, i.e., u m, p = u m, p,Ω and u m = u m,2,Ω . The same convention is adopted for the seminorms.
Let Ω h = {Q} be a quadrilateral partition of Ω, where any two closed quadrilaterals share a common edge, vertex or nothing. Let Q = (0, 1) 2 be the reference element in thexŷ-plane. For each element Q ∈ Ω h there exists a bijective bilinear mapping F Q : Q → Q satisfying (see . Based on the partition Ω h , we define S h as the standard conforming finite-element space of piecewise affine biquadratic functions
(2.1)
Before developing the finite volume element method, we make some assumptions on quadrilateral meshes. For any Q ∈ Ω h let h Q be its diameter, let h Q be the smallest length of the edges and let θ Q be any interior angle. We set h = max Q∈Ω h h Q . • Mesh assumption A. The partition Ω h = {Q} is regular, that is, there exist two positive constants σ and γ such that
• Mesh assumption B. The quadrilateral meshes are 'asymptotically parallelogram', that is, for Q ∈ Ω h one has
where ϑ Q = max(|π − θ 1 |, |π − θ 2 |), θ 1 is the angle between the outward normals of two opposite sides of Q and θ 2 is the angle between the outward normals of the other two sides.
REMARK 2.1 The asymptotically parallelogram assumption has been adopted by many authors, although it takes several different forms in the literature. In Arnold et al. (2002) it was called 'asymptotically parallelogram' and defined through the maximal angle difference of the outward normals. It is referred to as 'h 2 -parallelogram' and defined through the edge deviation in Ewing et al. (1999) . A definition based on the distance of the two diagonal midpoints was adopted by Süli (1992) . A detailed analysis on the equivalence of these different forms can be found in Chou & He (2002) .
REMARK 2.2 It should be pointed out that 'h 2 -uniform quadrilateral meshes', a closely related but stronger assumption, was also used in Ewing et al. (1999) to prove some superconvergence results. The 'h 2 -uniformness' requires that any two adjacent quadrilaterals form an h 2 -parallelogram. This stronger assumption was needed to obtain a good cancellation property and then the superconvergence results (see Ewing et al., 1999, p. 782) .
REMARK 2.3 We may adopt a more general Assumption B that ϑ Q = O(h τ Q ) for some τ > 0. Then the main difference will appear in Lemma 3.5, i.e.,
, which will be used in Theorems 4.1 and 4.2. Consequently, we shall assume that Δt = O(h τ ) to obtain an optimal order convergence rate. Since the expected error is O(h 2 +Δt 2 ), a linear rate in h Q is a practical assumption that avoids unnecessary complexities.
In order to describe the finite volume element scheme, we introduce a dual partition Ω * h , whose elements are called control volumes. As shown in Fig. 3 , each edge of Q ∈ Ω h is partitioned into three segments so that the ratio of these segments is 1:4:1. We connect these partition points with line segments to the corresponding points on the opposite edge. This way, each quadrilateral of Ω h is divided into nine sub-quadrilaterals Q z , with z ∈ Z h (Q), where Z h (Q) is the set of the vertices, the midpoints of the edges and the centre of Q. For each node z ∈ Z h = Q∈Ω h Z h (Q) we associate a control volume V z , which is the union of the subregions Q z containing the node z. Therefore we obtain a collection of control volumes covering the domain Ω. This is the dual partition Ω * h of the primal partition Ω h . We denote the set of interior nodes of Z h by Z 0 h . REMARK 2.4 The dual partition introduced here is different to the one used in Yang (2006) , where the sub-quadrilaterals were constructed based on the partition ratio 1:2:1. This new dual partition allows us to control nonsymmetry of the bilinear form (•, I * h •) (see Lemma 3.5) and ensure coercivity of the bilinear form a h (•, I * h •) (see Lemma 3.8). Both forms will be defined later.
Finite volume element scheme
Now we formulate the finite volume element method for the model problem (1.1). Given an interpolation node z ∈ Z 0 h , integrating the first equation in (1.1) over the associated control volume V z and applying Green's formula, we obtain 4) where n denotes the unit outer normal vector on ∂ V z . The above formulation also states that we have an integral conservation form on the control volume. The integral form (2.4) can be further written in a variational form similar to the finite-element method, with the help of a transfer operator I * h : S h → S * h from the trial space to the test space defined in Chou & Li (2000) by
where
and Ψ z is the characteristic function of the control volume V z .
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We multiply (2.4) by v h (z) and sum over all z ∈ Z 0 h to obtain
where the bilinear form a h (•, I * h •) is defined as follows. For any u ∈ H 1 0 (Ω) and v h ∈ S h we have
Let N be a positive integer. For simplicity of presentation, we consider a uniform time step Δt = T /N and set t n = nΔt (0 n N ). Let
Δt.
A fully discrete finite-volume scheme for (1.1) is formulated as follows.
with the initial approximations u 0 h and u 1 h given by
REMARK 2.5 The scheme (2.9) can be written as and f (t n ). Therefore there exists a unique solution u n h at each time step by the Lax-Milgram theorem (see Brenner & Scott, 2002) .
Properties of quadrilateral meshes and the bilinear forms
In this section we prove some lemmas regarding properties of quadrilateral meshes and the bilinear forms defined in Section 2. Let P 1 and P 2 be two points. We use P 1 P 2 to denote the line segment, |P 1 P 2 | to denote its length and −−→ P 1 P 2 to denote the vector from point P 1 to point P 2 . According to Lemmas 3.1-3.4 in Yang (2006), we have the following results.
LEMMA 3.1 Let Q = P 1 P 2 P 3 P 4 ∈ Ω h . Mesh assumption B is equivalent to the following condition: 
where 0 d 1 is an arbitrary constant. Then we have
LEMMA 3.3 Under the same assumptions as in Lemma 3.2, we have
3)
It is assumed that there exist a pair of integers n x and n y such that the cardinality of Ω h is equal to n x n y , and we can assign each Q ∈ Ω h a pair of integers (i, j), where 0 i n x −1 and 0 j n y −1. Thus we label Q with the subscript (i, j) and denote its vertices by x i, j , x i+1, j , x i+1, j+1 and x i, j+1 , corresponding to P 1 , P 2 , P 3 and P 4 in Fig. 2 . Let ν i , ν j = 0 or . We now define some discrete norms on S h . For any u h ∈ S h we have
The following lemma indicates that the discrete norms are equivalent to the corresponding L 2 -norm or H 1 -seminorm.
LEMMA 3.4 Assume that Ω h satisfies Mesh assumption A. Then there exist positive constants C 0 and C 1 , independent of h, such that, for any u h ∈ S h , we have
Proof. Since the partition is regular, we have
For Q u h I * h u h dx we have a similar estimate as follows:
be the local quadratic basis in one dimension. Let ψ i (x), where 1 i 3, be the characteristic functions associated with the partitions [0, 1/6], [1/6, 5/6] and [5/6, 1], respectively. Then, using the standard tensor-product basis and the resulting interpolation form ofû h on the reference element, we immediately obtain
where u Q ∈ R 9 is a vector consisting of the nodal values of u h on Q and Since the matrices G 1 and G 2 are symmetric and positive definite, it is not difficult to see that û h
and Qû h I * h u h dx are equivalent. Applying (3.10) and (3.11) and summing the result over Ω h yields estimate (3.7). Estimate (3.8) can be obtained similarly. Estimate (3.9) was proved in Yang (2006 
(3.12)
Proof. For any Q ∈ Ω h a change of variables in multiple integrals gives us
A similar calculation to that in the proof of Lemma 3.4 yields
where m(Q) is the measure of Q. Since the matrix G 2 is symmetric, we have
Direct calculations yield (see Fig. 2 )
where A i jk denotes the area of the triangle with vertices P i , P j and P k . It is obvious that m(Q) = J F Q 1 2 , 1 2 . Therefore, from Lemmas 3.1 and 3.3, we have
Combining the above estimates, we obtain
By (3.10), we have and hence
Ch u h 0 v h 0 by the Cauchy-Schwarz inequality.
REMARK 3.1 As shown in the proof of Lemma 3.5, the symmetry of the matrix G 2 is needed for (3.13) to hold. The symmetry relies on the dual partition ratio 1:4:1 introduced in this paper. If the ratio of the dual segments is set as 1:2:1 then one can verify that
which is not symmetric. Therefore
m(Q)
If the maximum eigenvalue of the matrix
we would obtain an almost symmetric result as in Lemma 3.5. But a simple calculation gives 
which could not produce a factor O(h Q ) as we expected! Then it is very difficult to measure how far the bilinear form (•, I * h •) is from being symmetric based on the 1:2:1 dual partition ratio.
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Let I h : H 1 0 (Ω) ∩ H 3 (Ω) → S h be the usual nodal interpolation operator satisfying the approximation property (see, e.g., Brenner & Scott, 2002) u − I h u r Ch 3−r u 3 , 0 r 2. (3.14)
Next we consider the continuity of the bilinear form a h (•, I * h •). The proof is very similar to that for Lemma 3.6 in Yang (2006) . We provide a short one for completeness. LEMMA 3.6 There exists a constant C > 0, independent of h, such that
Proof. Let w denote u h or u − I h u. In view of definition (2.8), we reorder by edges to get
where z 1 and z 2 are chosen in Q with no repetition. It is obvious from (3.6) that
It follows from the trace inequality (see, e.g., Theorem 1.6.6 in Brenner & Scott, 2002 ) that
.
If w = u h then we use the inverse estimate u h H
If w = u − I h u then we use the approximation property (3.14) to get
Combining the above estimates and using Lemma 3.4 gives
as desired.
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The following lemma about partitioned matrices was proved in Yang (2006) and will be used in this paper for the proof of the coercivity of a h (•, I * h •).
LEMMA 3.7 Let
A 1 and B = B 1 B 2 B 2 B 1 be two partitioned matrices and let κ = 0 be a constant. Then the matrix A κB κB T κ 2 A is positive definite if and only if the matrices
and
are positive definite.
LEMMA 3.8 Assume that Ω h satisfies Mesh assumptions A and B. There exists a constant C 0 > 0, independent of h, such that, for sufficiently small h, we have
Proof. We first study some properties of the auxiliary bilinear form
. We can rewrite (3.18) as
The Piola transformation maps a vector-valued function onQ to one on Q by
This transformation has the following well-known property (see Brezzi & Fortin, 1991) : where s andŝ denote the arc lengths along the edges e andê, respectively, with n andn as the unit normal vectors. For any u h ∈ S h let α = (u x,Q , u y,Q ) be a vector with u x,Q , u y,Q ∈ R 6 defined by
Based on the Piola transformation, we integrate equation (3.19) along the edges of the reference element to obtain 1 a x i+ 20) which involves the partition matrix
Here the matrices (A 1 ) 6×6 and (A 1 ) 6×6 represent the contraction distortion, while the matrices (A 2 ) 6×6 and (A 2 ) 6×6 characterize the rotational distortion. Let
be the local quadratic basis in one dimension. The entries of these matrices are specified as follows: We first investigate an auxiliary matrixÃ for a parallelogram. Without loss of generality, we choose θ Q = P 4 P 1 P 2 (see Fig. 4 ). Let κ = |P 1 P 4 |/|P 1 P 2 |. Note that the Jacobian determinant J F Q is a constant for a parallelogram. Theñ
A 22Ã The minimum principal major of the matrices It is not difficult to verify that F(α) is monotone decreasing for α ∈ [0, 1] and has a root α 0 ∈ (0, 1) (approximately 0.75667). We can choose γ < α 0 in (2.2) so that F(| cos(θ Q )|) > 0. Then the principal minors of the above matrices are all positive, and hence these matrices are positive definite. By Lemma 3.7, we know that the matrixM itself is positive definite as well. The minimum eigenvalue λ γ > 0 of the matrixM depends only on the constant γ . From Mesh assumption A we have
Now we consider the difference between the matrixÃ . By Lemmas 3.2 and 3.3, we have
By (2.3), (3.22) and (3.23), we can verify that, when h Q is small enough, we have
Mesh assumption A implies that h 2 Q /m(Q) 2σ/ 1 − γ 2 . So we have
and hence
Combining the above results with (3.20), we obtain
Since a(x) is Lipschitz continuous, we have (see Yang, 2006) |a
Applying Poincaré's inequality, we obtain for sufficiently small h that
, which completes the proof.
Stability and convergence analysis
In this section we present a stability and convergence analysis for the finite volume element method. First, we derive some elementary inequalities that will be used in the proofs of the two main theorems. For any u h , v h ∈ S h one has
(4.1)
Together with Lemma 3.5, this implies that
From (4.1) we have
The following theorem indicates that the finite volume element method is stable in the L 2 -norm.
THEOREM 4.1 Let u n h be the numerical solution of the finite-volume scheme (2.9)-(2.11). There exists a positive constant C, independent of the discretization parameters, such that
(4.5) The tolerance for residuals is set as 10 −11 and simple diagonal preconditioning is used. The numerical order of convergence is then measured by comparing the computed errors on two successive mesh levels.
From the proof of Theorem 4.2 we know that the second-order error estimate in the energy norm is essentially determined by the second-order convergence in Δt and h of the following quantity: , due to the approximation property (3.14), the norm equivalences (3.7) and (3.9) and the estimate (4.13).
We thus measure u n h E in the numerical experiments in lieu of the energy norm defined in (4.12). The numerical results listed in Tables 1 and 2 clearly reflect the second-order convergence of u n h E for both the rectangular and the quadrilateral meshes, which agrees very well with our theoretical findings. As a by-product, we can also obtain second-order accuracy in the max-norm 
Concluding remarks
In this paper we presented a quadratic finite volume element method for parabolic problems on quadrilateral meshes. A suitable dual partition was introduced to control the nonsymmetry of the bilinear forms. A second-order convergence in the L 2 (0, T ; H 1 (Ω))-norm was derived and verified in numerical experiments. However, there are technical difficulties in deriving error estimates in L ∞ (0, T ; H 1 (Ω)) and L ∞ (0, T ; L 2 (Ω)) similar to those for the finite-element methods. The main reason for this deficiency is that we are not able to derive the optimal L 2 -norm error estimate for the Ritz projection for the bilinear form a h (•, I * h •). Such a deficiency exists on triangular and quadrilateral meshes (see Liebau, 1996; Li et al., 2000; Yang, 2006; Xu & Zou, 2009 ). How to obtain the optimal L 2 -norm error estimates for finite volume element methods based on multidimensional higher-order elements is still an open problem.
